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Abstract 

We consider the contraction of some non linear cj-models which 
appear in effective supergravity theories. In particular we consider the 
contractions of maximally symmetric spaces corresponding to A = 1 
and N = 2 theories, as they appear in certain low energy effective 
supergravity actions with mass deformations. 

The contraction procedure is shown to describe the integrating out 
of massive modes in the presence of interactions, as it happens in many 
supergravity models after spontaneous supersymmetry breaking. 
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1 Introduction 


Supergravity theories with mass deformations have recently received some 
attention because of their relation to flux compactihcations (for a review see, 
e.g., PJ) or Scherk-Schwarz generalized dimensional reduction |2]. 

For N > 2 local supersymmetry, the supergravity theories admit mass 
deformations that always correspond to gauged super gravities OCni. The 
mass parameters may be chosen in such a way that a low energy effective 
Lagrangian for the massless sector can be singled out by deleting the massive 
modes. 

This procedure is usually discussed in the framework of consistent trun¬ 
cations of held theories usi, but here we want to show that the same phe¬ 
nomenon may arise as well as a contraction. The basic argument is that the 
limiting situation of a mass scale asymptotically large is equivalent to the 
contraction of some group structure. 

Suppose the group structure is a non-linear cr-model related to a maxi¬ 
mally symmetric space G/H where G is non compact and H its maximally 
compact subgroup 0 m. One can make an Inonii-Wigner contraction |3] 
of the group G with respect to a subgroup G'. Let H' = H n G'. We can 
induce a contraction G/H to a manifold which will have G'/H' embedded 
in it. The contracted manifold has the same dimension as the original one 
(as it happens for contractions of algebras and groups), but with a metric 
that will be essentially different. An example of this are the contractions 
of the hyperboloid SU(1,1)/U(1). If the contraction is made with respect 
to the subgroup U(l) one obtains the flat metric, while if the contraction 
is made with respect to SO(l, 1) one obtains an hyperbolic sheet, with one 
translational isometry. We will see in detail how to compute the metrics in 
these and other cases. 

There are other types of contractions that do not £t in the scheme de¬ 
scribed above, but that may have physical interest. If G/H is a symmetric 
space of the non compact type, it inherits a group structure through the 
Iwasawa decomposition of G 

G = GsxH. 

Then G/H ^ Gs is the solvable Lie group associated to G |3l IH El- Note 
that Gs depends on the real (non compact) form of G. We can then con¬ 
sider contractions in which G/H goes to G'/H' k with dim(G/iL) = 
dim{G'/H') +n, independently of the fact that G' is a subgroup of G or not. 
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The physical interpretation of these contractions is as a (snper)-Higgs mech¬ 
anism jH], where the massive modes are described by M" degrees of freedom 
while the helds which remain massless are in G'/H' Indeed, because 

of the semidirect product structure, it is always consistent to set to zero 
(which, in this case, would correspond to integrate out) the elements of M”, 
since is an invariant subalgebra of G'/H' k R” ^I]. We will consider 
several examples and discuss their physical applications. 

The paper is organized as follows: 

In Section 2 we describe the solvable algebras related to symmetric spaces 
SO(l,l + n) SU(l,l + n) SO(2,2 + n) 

SO(l + n) ’ U(l) X SU(l + n)’ SO(2) x SO(2 + n)’ 

SU(2,2 + n) 

U(l) X SU(2) X SU(2 + n)’ 

and how these algebras are embedded one into the other. We also compute 
the metric of these spaces in the solvable parametrization. We show a couple 
of examples where these spaces are related to one another by gauging some 
isometries in the corresponding supergravity models followed by an integra¬ 
tion of the massive modes. 

In Section 3 we study some contractions of the solvable algebras intro¬ 
duced and we show how they are related among themselves. We compute the 
contracted metric by first giving a deformation of it in terms of a parameter 
e. The limits e —> 1 and e —>■ 0 correspond to the original and the contracted 
spaces respectively. For an arbitrary e 7 ^ 0, the groups are isomorphic but we 
will see that it is not possible, in general, to reabsorb the parameter into a 
redehnition of the coordinates of the coset space. This means that the spaces 
at e 7 ^ 0 are not isometric. We will show this phenomenon in detail. We will 
see how it is possible to interpret the gauging and integrating procedure of 
the examples treated in Section 2 as a contraction followed by a quotienting 
by a submanifold. 

In Section 4 we describe the super Higgs phenomenon associated to an 
effective N=2 supergravity theory with scalar manifold 

SU(l,l + n) SU(2,2 + n) 

(U(l) X SU(l + n)) ^ (U(l) X SU(2) x SU(2 + n)’ 

relating it to the contraction procedure described in previous sections. 

In the Appendix we explain in more detail the parametrization chosen to 
study these sigma models. 
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2 Symmetric spaces, solvable parametrizations 
and embeddings 

We first illustrate the calculation of the solvable Lie algebra associated to a 
symmetric space of the non compact type with the simple example in our 
list. Essentially one has to diagonalize simultaneously the elements of the 
maximal abelian subalgebra in the space p of the Cartan decomposition 

0 = f) + P, 0 = Lie(G), f) = Lie(iL). 

2.1 Solvable parametrization of SO(l, 1 + n)/SO(l + n). 


We consider the Lie algebra of SO(l, 1 + n), 5 o(l, 1 + n). In the fundamental 
representation, an element of it is given by 


X 


/ 

A 

bn+i 


bi \ 

bn+l 

0 


A = -A^ 


A is an antisymmetric (n + 1) x (n + 1) matrix. The Cartan decomposition 
of g = 5 o(l, 1 + n) is 


0 = t + p, € = so(l+n) 




It is easy to see that the coset has rank one. We choose the element 


H = 


( ° 
0 ; 

0 

0---0 0 

\o ■ ■ ■ 0 1 


0 \ 


0 

1 


0 / 


as the generator of the maximal abelian subalgebra in p. We must diagonalize 
h to obtain the reduced root pattern. This is easier by noting the following 
decomposition 


5o(l, n + 1) —so(l, 1) + so(n) + n"'" + n , 
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where 


so(l, 1) = spanjhf}, 



( 6i Th ^ 

> 


0 ; ; 


< 

bn 



o 

o 

g 

1 

1 


< 

\Tbi ■■■ Tbn 0 0 J 

y 


and a vector in has charge ±1 with respect to H. In this decomposition 
the algebra shows a 5o(l, 1) grading (so(n) has degree 0), and are nilpo- 
tent (in particular, abelian) subalgebras. The solvable Lie algebra associated 
to the coset SO(l, 1 + n)/SO(l + n) is then 


solo 


/SO(l,l + n)\ 
V SO(l + n) ) 


spanjiL} K n’*', 


( 1 ) 


with commutation rules 


[LT, Xj\ = Xj, i = 1 ,... n (the rest zero). 
Finally, the Iwasawa decomposition of the Lie algebra is 


so(l, 1 + n) = 5o(l + n) + solo 


/SO(l,l + n) 
V SO(l + n) 


We choose a coset representative of the following form 

^ _ ^UiXi^ipH j^-1 _ ^-UiXi 

We will see that this kind of splitting of the generators is specially useful. 
The pull back of the Maurer-Cartan form on the group to the coset space, 
L~^dL, decomposes as 

L-^dL = {L-^dL)t + {L-^dL)p. 

The first term is the connection on the iF-bundle G G/K, with K = 
SO(l + n) (spin bundle and spin connection) and the second term is the 
vielbein of G/K. 

The metric is then computed as 

ds^ = {{L-^dL)p,{L-^dL)p) 
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where ( , ) is the Cartan-Killing form on g. Using the relation 

provided [X, U] = f3Y, 
it is easy to see that the metric becomes 

ds"^ = dui^. ( 2 ) 

i 

This metric has the translational isometries Wj —> m* + q which are a maximal 
abelian ideal of the solvable Lie algebra (see Appendix El) • In this case the 
ideal is X = span{Xj}. 

It is now easy to go to the largest space in our list. It has only rank two 
and the rest of the solvable algebras can be seen as subalgebras of this. In 
fact we have a chain of embeddings of the solvable Lie algebras which implies 
a chain of embeddings of the corresponding symmetric spaces. 


2.2 Solvable parametrization of U(2, 2 + n)/U(2) xU(2 + n). 

An element of the Lie algebra su(2, 2 + n) can be written as 


X = 


A 


2x2 


B. 


2x(2+n) 
^l2+n)x2 -I^(2+n)x(2+n) 


Al = -A, Ul = C, 


and the Cartan decomposition of 5u(2, 2 + n) = f) + p is 




^2x2 

0 D 


0 

(2+n) X (2+n) 


P = 


0 

-^(2+n)x2 


B2x{2+n) 

0 


A maximal abelian subalgebra of p has dimension 2, and so the coset has 
rank two. We can choose for example, as maximal abelian subalgebra, the 
one generated by the matrices 


H+ 


/o 0 0 1 0 ■■■ o\ 

0 0 0 0 0 ■■■ 0 

0 0 0 0 0 ■■■ 0 

1 0 0 0 0 ■■■ 0 


\0 0 0 0 0 ■■■ 0 / 


/o 0 0 0 0 ■■■ o\ 

0 0 i 0 0 ■■■ 0 

0 0 0 0 ■■■ 0 
0 0 0 0 0 ■■■ 0 


\0 0 0 0 0 ■■■ 0 / 
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The solvable algebra can be shown to be generated by 


( u(rx’ up + n) ) ^ + 

span{Z“, T^’O, T°’2, 5'^^’“^^}, (3) 

where i = l,2, a = l,...n, a = 1,2, 
with commutation rules 

[Z*“ 

j-yia yjfej _ ^ij^abrp{0,2) 

[Z“, 

[F“, 

[F“, 4^’-^)] = 

[y(o,2)^^a,-i)| _ 2 ,s(^’b 
[H+, 

[i7_,F“] = F*“. (4) 

The rest of the commutators with the Cartan generators and H_ are 
indicated by the superindices (/i+, /i_). All the other commutators are zero. 

Based on this solvable algebra, we choose the following parametrization 
for the coset representative of SU(2, 2 + n)/(SU(2) x SU(2 + n) x U(l)) 

L{t, i, Sa, Sa, Zia, Via, 0) = A{t, t, Zia)B{Sa, Z2a, l/ia)C(^, 0) (5) 

where 

A = exp 

B = exp (siAi"’-')) exp exp(;^ 2 a^'“) expiy^aY^^) exp{y,,Y^^) 

C = exp + (pHY) 

The Maurer Cartan form is 

^In the appendix we show that the generators correspond to 

true global translational isometries. 
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L-^dL 


— e ‘^^[sadsa + + s^di-\- dt -\- Z 2 adzia)T^'^’^^ + e ‘^^[di — yiady 2 a)T^^’‘^^ + 

+e~^‘^^'^\yiay2adsi + ^{yf + yl)ds2 + dh + 2sidi- eijyiadzja)Si'^"’ + 

+e~^'^^'^\yiay2adS2 - ]^{yl + yl)dsi + dh + 2S2(it + + 

+e |/ia(isi + |/ 2 a<^’S 2 + + e ^{—y 2 adsi — yiadS 2 + dZ 2 a)Z‘^°' + 

+e‘^-^dsaS^^’-^^ + e-^dyiaY^^ + #i7+ + d^H_ (6) 

The metric of the coset is computed now as {{L~^dL)p, {L~^dL)p). On 
the tangent space to the identity, this gives the following inner product: 

{X, X) = 1, for X = hf±, t(2-o), 

(X, X) = for X = 

and the rest zero. 

For n = 0 we obtain the reduced expression 

ds^ = d(j)^ + di/j"^ + e~'^^dtdt + sidtdsi + 2e~^'^ S2dtds2 
+2e~'^'^{sl + s\)dtdi + + 2e~'^'^ s\)dsidsi 

+2e~^'^ S 2 Sidsids 2 + 2e~^'^ + si + s\)dsidi 

^g-2(v-+</.) ^ 2e-^^sl)drs2drs2 
+2e~‘^'^ S2{e^^'^~^'^ + sl + s\)ds2di 
+ Ie2('^-’^)ds2ds2 + ^e2(^-^)dsidsi 

^g-4(y+0) ^g2V> + g20^^2 ^ ^2^Y (7^ 

For arbitrary n we obtain ^ (sum over repeated indices is understood, and 
we have used the short-hand notation y^ = yiayia)'- 

^For this and the rest of the calculations of different metrics we have used the program 
Wolfram Research, Inc., Mathematica, Version 5.1, Champaign, IL (2004). 



= dcf)^ + dip'^ + e ^'^dtdt + 2 e ^'^sidtdsi + 2 e '^^S2dtds2 

+ 2 e~^'^ Z2adtdzia + 2 e~^'^{s\ + sfjdtdi + 1 + 2 e“"^’^Si)(isi(isi 

+2e“"^’^S2Sicisicis2 + + yl)dsids2 + e~‘^^^^'^'>yiay2adsidsi 

-e~^^'^^‘^hiadsidz2a + {2e~'^'l’SiZ2a + e~'^^'^^'*’^y 2 a)dsidzia 

+ 2 e~‘^'^ + -§2 + s\)dsidi + + 2 e~^'^ s\)ds2ds2 

+e~‘^'^'^^‘^^yiay2ads2ds2 - + yl)ds2dsi 

+e~‘^^^^'^'’y2adS2dZ2a + {2e~'^^S2Z2a + e~‘^^^^‘^'^yia)ds2dzia 
+2e“"^’^S2(e^^^“‘^^ + s\ + sl)ds2di 

+ ge (4e^'^ + Ae^^{yl + 1 / 2 ) + ^{viay^a)^ + (l/i + l/ 2 )(l/i + y2))dsads, 


__g 2ii;+4>) ^2e‘^4>y^^ (-2(|/ial/2a)l/2fe + (l/l + l/2)l/lfe))c^’S2C^2:2b 

+^e"^(’^+'^H 2 e^'^l/ 2 b + ( 2 (|/la|/ 2 a)l/lfe + {yl + yl)y 2 b))ds 2 dzib 

+e" 2 (’^+'^)(l/ 2 s^ + 2y2aS2yia + Siyl)ds2di 
-^e"^(’^+'^)( 2 e^'^i/ 2 fe + {‘2{yiay2a)yib + {yf + yl)y2b))dsidz2b 

-^e"^(^+'^)( 2 e^'^l/ife + {-2{yiay2a)y2b + {yl + l/2)l/i6))c^’Sici2:ib 

-e"2(’^+‘^)(l/2s2 - 2yiaSiy2a + S 2 yl)dsidi 


i - 2 (<A+V^) 

2 ^ 


^ij ^mn i^Via yjb)dz 

madZnb 


+ -e (e^'^^afe + (l/lal/lfe + y2ay2b))dZ2adZ2b 


_g- 2 (i/’+</') 


( 2 |/iSi - 2s2y2)dz2di 


+ -e ^'l’{e^''’5ab + ‘ 2 Z 2 aZ 2 b + '*'\yiayib + y 2 ay 2 b))dziadzib 

+ ( 2 e ‘^’^(S2 + S^)^2a + 2 e ‘^^'^~^^\yiaS2 + Siy2a))dziadi 
_|.g-4(i/’+</>)('g 2 V> ^ g 2 ?^(^s 2 sl))‘^didi — 2e~‘^'^yiadidy2a 

+^e"'^'^(e^'^( 5 afe + 2yiayib)dy2ady2b + ^e~^'^dyiadyia 
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2.3 Chain of embeddings 

We have the following chain of solvable Lie algebras 


S4 = 

solo 1 

53 = 

solo 1 

S 2 = 

solo 1 

5i = 

solo 1 

with Si Csub 


SU(2,2 + n) 


U(l) X SU(2) X SU(2 + n) 
/ SO(2,2 + n) 

VS0(2) X S0(2 + n) 

SU(l,l + n) 


see 


®), 


= span{H+, H_} + spanjZ^^, 


U(l) X SU(l + n) 
/SO(l,l + n) 

V SO(l + n) 


= span{if+ + if_} + span{Z^“, 52 ^’^^}, 


= span{iL+ + H_} + span{y^“}, 


amples, one can show that these solvable Lie algebras correspond to the 
following chain of symmetric spaces: 


(9) 


SO(l,l + n) SU(l,l + n) SO(2,2 + n) 
SO(l + n) ^ U(l + n) ^ SO(2) x SO(2 + n) 

Notice that in this chain we have 


SU(2,2 + n) 

U(2) X SU(2 + n) 
( 10 ) 


with 


if.+i 


Cl 

Ga 

Cl 

G2 


n 

to 

Hi C i/2, 

CG4, 

Hs C H,, 

n 

CO 

n 

CO 

c G4, 

H 2 c 


bnt G 2 is not in G 3 nor H 2 in for generic n. 

The solvable parametrization ® allows ns to compnte the metric of the 
spaces in m by imposing different restrictions on (jH)). 
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For the coset SO(2, 2 + n)/(SO(2) x SO(2 + n)), we have 


so the metric is 


^2a — y2a — t — t — Si — S 2 — 0, 


ds^ = + -e ds2ds2 — ylds2dsi 

+e"^(^+'^)|/iahs2(izia + le-2(’/’+<^)(4e4'/’ + + 4e^'^|/i)(isi(isi 

O 

_ lg-2(v-+</.)^i^(2g2</> _)_ e^^^~‘^^yiayib)dziadzib 

+ ^e~‘^'^dyiadyia. (11) 

Imposing the constraints Si = 0 — '^ = 0, we obtain the metric on SU(1,1 + 
n)/U(l + n), 

ds'^ = 2d(j)^ + ds2ds2 + e~^‘^yiads2dzia 

+]^e~'^'^{e^‘^6ab + yiayib)dziadzib + ^e~‘^‘^dyiadyia, (12) 

and imposing zia = §2 = 0, we obtain the metric for SO(l, 1 + n)/SO(l + n): 

ds^ = 2d(j)‘^ + ^e~^‘f’dyiadyia (13) 

which, up to a rescaling of the coordinates, corresponds to 10. 

We can further impose yin = 0 to obtain the same form than m but 
with a = 1 ,... n — 1. It is the metric of SO(l, n)/SO(n). 

2.4 Truncations and integration of massive modes 

Let us consider a sigma model described by the metric m- As we have seen, 
this model has n translational isometries corresponding to the coordinates 
yia- We may consider gauging one of these isometries, say yin- We introduce 
a gauge held A = A^dx^ and substitute dyin by the covariant differential 

Dyin = dyin + gA. 


11 


We redefine the connection by a gauge transformation 


A — A -\ — dyin, 

9 


which will not change the kinetic term for A. Substituting this dehnition in 
the metric we obtain 



We see that the effect of the gauging is absorbing the held yin to give mass 


to the gauge vector. Moreover, in this model A is decoupled from the rest 
of helds (except for the warping factor so setting A = 0 is consistent 

with the equations of motion. After the truncation the sigma model becomes 
SO(l, ?7,)/SO(?7,). This is explained by the mathematical identity 



which is a consequence of 

We want to consider now the model SU(1, 2)/U(2), with metric ( 1121 ) for 
n = 1. Note that S 2 and Zi are translational isometries. As before, we 
can gauge them by introducing abelian connections A^, with covariant 
differentials 



We dehne the gauge-transformed connections 


A^ — A^ -|- -^ds2 
A^ = A^ -|- ^dzi- 


By substituting this dehnition, we can see that in the metric there will 
appear the terms 


ds^ = --- + + ■ ■ ■ + ie- 2 ^(fc 2 ) 2 (A 2)2 + ■ ■ ■ 
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So, as before, the effect of the gauging has been to give mass to the vectors 
by absorbing the modes associated to the translational isometries. 

Nevertheless, in this case other interactions are present. By assuming 
that the mass of the vectors is big enough we can take their kinetic terms to 
zero, and then we obtain algebraic equations for A^. A straightforward 
calculation shows that, after the elimination of these helds the metric that 
remains is SO(l, 2)/SO(2), that is eq. (ITT^ with n = 1. 

The difference between the two models here described is that in the hrst 
case the integration of the massive modes is exact (that is, it is a consis¬ 
tent truncation of the theory), while in the second case a limiting process is 
involved (masses —>• cx)). 

In the next section we will see that these integrations can be modeled by 
a contraction of the metric of the initial manifold, followed by a quotienting 
of the manifold by a submanifold. 


3 Contractions of groups and coset spaces 


Contraction of a Lie algebra with respect to a subalgebra. 

We describe the Inonii-Wigner contraction of an algebra with respect to 
a subalgebra. Let g be an arbitrary, hnite dimensional Lie algebra with 
commutator [, ] and let 0 = 0i -l- 02 , with 0 i a subalgebra. We dehne the 
following family of linear maps 

0 . : 0 -^ 0 

X = Xi® X2 -»• X = Xi® eX2, 

labelled by a real parameter e. In matrix form, the map and its inverse (e ^ 0) 
are block-diagonal 


1 0 
0 el 


(.-1 


We can dehne a new commutator 


X,Y€g. 


[, ]e is a deformed bracket, but of a simple form, since for e 7^ 0 is, by con¬ 
struction, isomorphic to the bracket with e = 1. We dehne the contraction of 
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0 with respect to the subalgebra 0 i as a Lie algebra with the same supporting 
vector space 0c ~ 0 and with commutator 

[X, y]c = 0c(h')]), X, F e 0. (14) 

e—i-0 

This bracket is well dehned but, since is not invertible, [, ]c will not be, 
in general, isomorphic to the original bracket. 


Representations of the contracted algebra. 

We consider now a representation of 0 on a hnite dimensional vector space 

W 


R{X) :W^W, X eg 


and assume that W = Wi © W2 with Wi an invariant subspace under the 
action of the subalgebra 0 i. As before, we dehne a one parameter family of 
linear maps 


'll), : W -^ W 


so 


Let us denote 


w = wi (B W 2 -> w = wi (B ew2, 









R,{X) = i):^ O R(0c(X)) Xe 0. 


R, is a representation of the deformed algebra. It is easy to check that the 
map Rc 

R,{X) = \miR,{X) 

is a representation of 0 c on W. 

Notice that ip, = (p, for the adjoint representation. 


Generalized contractions 

The map (p, can in fact be more general than the one considered before, 
the only constraint being that the bracket in m is well dehned. The con¬ 
ditions for this to happen were studied in Ref. [7] and are called ge'neralized 
I'non'ii-Wig'ner contractio'ns. They are also a particular example of algebra 
expa'nsions jUj. 
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We will use particular examples of generalized contractions where the 
brackets can be seen explicitly to have a well dehned limit. We will not 
describe the general theory of these contractions, for which we refer to the 
original paper, Ref. [7j. 

3.1 Deformations and contractions of the metric: some 
examples. 

As we have seen, we can always contract an algebra g with respect to a 
subalgebra g'. The contracted algebra, gc will have always the structure of a 
semidirect product 

gc = 0 ' X K” 

In the chain m we have described subalgebras of 54 , so we can contract each 
algebra Sj with respect to Sj with j < i 

Since the solvable Lie algebras are related to the corresponding symmetric 
spaces, we are going to dehne a procedure to contract the symmetric spaces. 

We will start with a representation of the deformed Lie algebra, and 
compute the coset representative as in © with this new representation. From 
this, one can compute a deformed vielbein and a deformed metric. This 
procedure will introduce the parameter e in the metric, so we will have a 
uniparametric family of metrics. Then, we can take the limit e —0. 

We are interested in the simple examples presented in 12.41 The hrst one 
is trivial, since the contraction of 5 i for arbitrary n by the subalgebra Si for 
n — 1 has no effect, giving again Si for n. 

Let us see how this works with the next example. We start with the 
algebra so[o(SU(l, 2)/U(2)) (which is S 2 for n = 1) and we will work out the 
contraction with respect to so[d(SO( 1, 2)/SO(2)) which is (si for n = 1). 

S 2 (n = 1) = spanjifi = + iL_} + span{Z^, (15) 

Si(n = l) = span{ifi} + span{F^}. (16) 

It is convenient to write explicitly the commutation rules 
[i/i, zi] = zi, [Lfi, yi] = [i/i, iz\ yi] = 

The deformed algebra is 

[H,,Z% = Z\ [H,Y% = Y\ = 2Ff’'\ [Z\Y% = ^ 0. 
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The contracted algebra has the property that the only elements in g' that act 
on the abelian factor M” are the elements of the commuting subalgebra of p. 
In our case this subalgebra is Hi = H+ + This property will translate 
in a particularly simple form of the metric. 

We consider the three dimensional representation (induced from the fun¬ 
damental of su(l,2)). We decompose the representation space as 


= W © V^2, 


= 1/2 





being Vi an invariant subspace under the subalgebra (IT?)|) and consider the 
linear map 'il’ei&i © ^ 2 ) = Ci © 662 - Then we have a three dimensional repre¬ 
sentation of the deformed algebra, 


Re{Hi) = 


Re{Z^) = 
Re{Y^) = 




i 

1 

0 

1 




0 
0 
0 

0 

0 

0 


1 

0 

1 

0 . 


i 

0 

i 





We compute now the vielbein and the metric in the way that we indicated 
in section |21 Notice that the Euclidean metric that we put on the solvable 
Lie algebra with the deformed bracket is the same than the one for e = 1. In 
this way the normal metric Lie algebras (in the terminology of Ref. jH]) are 
not isomorphic, nor are isometric the corresponding Riemannian spaces. We 
obtain then a true deformation of the metric. 

The result is 

= 2d0^ + -e~^'^ds2ds2 + e^e~^‘^yids2dzi 
+ ^e“‘^'^(e^'^ + e'^yDdzidzi + dyidyi, 
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(17) 


which can be compared with (jl2|l for e = 1. 
For e —0 we get 


ds'^ = + -e ‘^'^dyidy^ + -e ‘^‘^dzidzi + -e ^'^ds 2 ds 2 - 


(18) 


The hrst two factors correspond to m- The remaining modes appear decou¬ 
pled except for warping factors of type e“‘^/2. Then, imposing the constraints 
2^1 = 0 = S2 is always a consistent truncation of the contracted sigma model 
m- We see with this simple example that integrating out massive modes 
can be geometrically modeled by a contraction of the sigma model, followed 
by a quotienting by the decoupled modes. 

It is instructive to compute Ricci tensor of the deformed metric ()17|1 . We 
obtain (in the ordered basis 0, yi,Zi, § 2 ) 


/ -6 0 0 ^ \ 
0 -2(2+ e^) 0 0 

0 0 -2(2+ e^) 0 

\ 0 0 8yie^{€^-l) 2(-4 + e^) / 


(19) 


We see that for arbitrary e it is not an Einstein space. In the relevant limits 


<( 1 ) 


/-6 0 0 0 \ 

0-600 
0 0 -6 0 ’ 

\ 0 0 0 - 6 / 


RtiO) = 


/-6 0 
0 -4 

0 0 
\ 0 0 


0 0 \ 
0 0 
-4 0 

0 - 8 / 


For e = 1 we have an Einstein space, but not for arbitrary e. It becomes 
clear from this simple example that the deformation cannot be reabsorbed 
by a change of coordinates. 
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We consider now the Inonu-Wigner contraction of 54 with respect to S 3 . 
For simplicity, we take n = 1, so we have S 4 = S 3 + 0 where 

Differently from the hrst example, we use the adjoint representation to 
introduce the parameter e. The result for the metric is 
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= d(j)^ + + e "^"^didt + 2e "^^sidtdsi + 2e '^^S 2 dtds 2 

+2e~‘^'^ Z2dtdzi + 2e~'^'^ {sle‘^ + s^dtdt + + 2e“"^’^s^)(isi(isi 

+2e“"^’^S2Si(isi(is2 + + yle^)dsids2 + 

_g-2(V’+0)^i^gig^2;2 + (2e“‘^’'^Si2:2 + y2)dsidzi 

+2e~‘^'^ + s\)dsidi + + 2e~‘^'^ s\)ds 2 ds 2 

+e-‘^^^^‘^'^yiy2e^ds2ds2 - + yle^)dhdsi 

+ (2e“'^'^S22:2 + e~‘^^'^^'^^yi)ds2dzi 

+2e“^’^S2(e^^’^“'^^e^ + + s\)ds2di 

+ l/t + (2e^ + 4e^)|/ii/2 + yt.^^ + 4e^'^(|/i + yle^))ds2ds2 

_ 1 g-2(^+<^)^^(2g20 ^ ^2 _ (2g4 _ e^)yl)dS2dZ2 + 

le-2(V'+0)^2(2e2<^e2 + (2e2 + l)yl + yle^)ds2dz^ 

+e"2(’^+'^)(l/2s^g2 2y2S2yie^ + si|/i)ds2rft 

+ ^e"^(’^+'^)(4e^'^ + l/t + (2e^ + 4)|/ii/2 + y^e^ + 4e^'^(|/i + yl))dsidsi 
-^e"^^’^+'^)|/2(2e^'^ + (2 + e^)|/i + yle^)dsidz2 
-^e"^(^+'^)|/i(2e^'^ + y? - (2 - e^)|/2)c^sic^2:i 

_g-2(V;+0)('^2^^g2 _ 2yisiy2 + S2yle^)dsidi + le-2W+0)(e2</> + yle‘^)dz2dz2 

-e"2(^+'>)(2|/isi - 2s2y2e‘^)dz2di + + 2^2 + + yl))dzidzi 

+ {2e~'^'^ {sle^ + Si) 2:2 + 2e“^^’^+'^^(l/iS2e^ + Siy2))dzidi 

+ 2e-2('^+^)(s2 + s2g4^ ^ + 2s2s2e2 + sle^))didi - 2e-^'^yididy2 

+ ‘^yl)dy2dy2 + + e“^^'^+^^l/il/2(e^ - l)dzidz2) 

+ ^e"^Vl/2(l - e^)(2 + e“^'^(|/i + |/2e^))cisids2, (20) 
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which can be compared with (jS)) for e = 1. For e = 0 it becomes 

ds^ = + dll? + + 2s\)ds\ 

ylds2dsi + + 2e~‘^'^S2Z2)ds2dzi 

+ie-^»+*>(4e« + yt + iy'M + 4e"*(!/? + yl))d4 

+ !/f - 2y^)dsidz:i 

+1,-4*(,2* ^ e-^U-*>(y( + ^2) ^ 2zl)dzi + ^e-'^Uy'{) 

+e-^*dt^ + e-‘i*+*'He'‘* + e‘*slYdP + + 2sl)ds\ 

+ l^-2,*+<.)(2e« + y^^fdsl + + 2!,?)d9| 

^ 1 - 2 ( 4 .+«(j. 24 . ^ j^ 2)^^2 ^ 2e-'*s\dtdi + 2e-‘‘*Sidtdh 

+2e~^^ S2dtds2 + 2e~^^ Z2dtdzi + + e^'^s\)didsi 

+2e~‘^'^ s\s2dids2 + Siyiy2didsi + Siyldids2 

—2e~‘^‘^yididy2 + Si{e^^y2 + siZ2)didzi 

—2e~‘^^’^^'^'^siyididz2 + 2e~^'^siS2dsids2 + e~‘^^'^^'^'^yiy2dsidsi 

+^e~‘^^'^^'^'’y‘ldsids2 + e~^'^ y2 + 2siZ2)dsi(izi — e~‘^^‘^^'^'’yidsidz2 

+ + yl)y2ds^ds2 

_g-2(fli+2/.)^^^g20 _ ie“^(‘^+^)|/i(2e2'^ + yl)ds2dz2 

^}_^-2{.p+i,)y2y^ds2dz, - e-^^^+^^ymdz,dz2 (21) 

We can compare the hrst 5 lines of m with (HH). They are different, but 
the extra terms are zero when imposing the constraints 

Z2 = y2 = t = i = Si = S2 = 0. 

This means that there is an isometric embedding of SO(2, 3)/(SO(2) x SO(3)) 
in the manifold with the metric m- We can improve this result by making 
use of a generalized contraction, that gives a simpler contracted metric. We 
will do that in the next section. 
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3.2 Generalized contractions: some examples. 

Generalized contraction of U(2, 3)/(U(2) x f/(3)) 

We consider the following decomposition of S4, 


S4 = 00 + gi + 92 + 03 , where 

00 = span{if+, H_, T(2.o)} 

01 = spanIS'f02 = span{T(°’^\ 93 = spanjS'f 

and the linear map 


S4 

Co + Cl + 62 + 63 





54 


eg + eci + 6^62 “f ^^63 


with Qi. 


Eqnation (HI gives a deformed bracket that has a well defined limit when e —> 
0. We write here the contracted bracket. The only surviving commutators 
from 0 when e —>■ 0 are 


[Z\Y^] = 5^’^^ 

[H^,Z^] = Z^ 

[H_,Y^] = Y\ 

so the contracted algebra has as a subalgebra 

( sO(2°xSO(3) ) = 

in semidirect product with = span{Z^, F^, T^’°,, 

where the only generators that act on are and H_. 

We use the adjoint representation of the deformed algebra to compute 
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the deformed metric. The result is 


+ e ^'^dtdt + 2e ^"^siedtdsi + 2e 82 ^^dtds 2 
+ 2 e~^'^ Z 2 e^dtdzi + 2e“"^’^(s2e^ + s\e^)dtdi + - + 2e“^^s^e^)dsidsi 

+2e“^’^S2Sie^dsids2 + + yl€^)dsids 2 + e~‘^^'^^‘^^yiy 2 e^dsidsi 

_g-2(V’+</')^ig^^i^2;2 + (2e“^’^si2;2e^ + y 2 e^)dsidzi 

+ 2 e~'^'^ + s\e^)dsidi + i + 2 e~‘^'^ s\e^)ds 2 ds 2 

+e-^^^^'f’^yiy 2 e^ds 2 ds 2 - + yle^)dhdsi 

_|.g-2(i/>+0)^2e^ds2d2:2 + (2e“"^^S2^2e^ + e“^^^’'''^^|/i)ds2d2:i 
+2e“^’^S2(e^^’^“'^^e^ + + s\e^)ds 2 di 

^lg-2(v>+0)^4g4^ + l/^e^ + (46^2 + 2 e^^)ylyl + + Ae^'^iyle^ + yy^))ds 2 ds 2 

_ lg-2(i/.+(/.)^i(2g20g ^2^3 _ ^2gii _ e^)yl)ds 2 dz 2 + 

lg-2(V'+0)^2(2e2‘^e® + (e^ + 2 e^)yl + 

+e“2(’^+'^)(y25^g9 2 y 2 S 2 yie^^ + Siyle^)ds 2 di 

^lg-2(v>+0)^4g4^ + l/t + (4e^ + 2e®)|/2^2 ^ ^4^12 ^ + |/2g2^)c?s,c?s, 

-^e"^^’^+'^)|/2(2e^'^e + (2e^ + e^)yl + yle^^)dsidz 2 
-^e"^(^+'^)|/i(2e^'^ + d? - (2e^ - e^)yl)dsidzi 

_g-2(V;+0)('^2^^g5 _ + S 2 yle^^)dsidi + + i/^e^ + yle^^)dz 2 dz 2 

_g-2(v.+<«(2^^5^g2 _ 2 s 2 y 2 e^°)dz 2 di + + 2 zle^ + e^^^-^\yl + yle^))dzidzi 

+ (2e“^’^(s2e^° + s^€^)z 2 + 2e“^^’^+'^^(l/iS2e^ + Siy 2 €^))dzidi 
+ {e^^ + e^'^(s^e^ + 2s2s2e^° + s^e^®) + 2e2('^+’^)(s2e2 + sle^^))didi - 2 e-^^yiedidy 2 

+ ‘^yl(?)dy 2 dy 2 + ]^e~‘^’^dyidyi + e"^^'^+^^l/i|/2(e^ - e^)dzidz 2 
+^e"^Vl/2(2(e^ - e®) + (e^ - e®)(|/i + yle^))dsids 2 . (22) 
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And for e = 0 it becomes 

= {d(j)^ + dip'^ + dsl — ylds2dsi 

_l_g-2(V’+</>)^i^g2^2;i + + ut + ^<^^‘^yi)ds\ 

8 

_^^-2{i^+4>)y^{2e^<i> + yl)ds^dzi + + e^^^-^^yl)dzl + ^e-^^dyl) 

+e-^^dt^ + e-^^^dP + + -e2('^-^)ds2 

2 ^2 ^ 

The first three lines reproduce (HH) for n = 1, and the rest of the terms are 
flat up to factors The physical meaning of this limit remains unclear 

at this moment, but it relates two different sigma models in what can be a 
generalized procedure of integrating out some modes. 

Generalized contraction of U(2,1 + ? 7 ,)/(U( 2 ) x U(1 + n)) 

We show here another example of generalized contraction that has an ap¬ 
plication in a physically interesting theory. 

Let us denote Hi = H+ + iL_. Then the commutation rules of S 2 are 

[Hi, [Hi, [Hi, = 2^^’^^ [Z^P Y^’’] = 

Consider the subalgebras of S 4 

4 = span{L/+, Z“, s" = span{Tr_, 

with commutation rules 

[H+, Z“] = [H+, T(2’0)] = 2T(2’0), [Z“, for s'^, 

[H_, [Lf_, = 2T(°’2), [F“, W'’] = for 4. 

We have that S 2 ^ Sg ^ S 2 but [ 52 ) 32 ] 7 ^ 0, so S 2 © S 2 is not a subalgebra 
of S 4 . Nevertheless, one can hnd a generalized contraction of S 4 which has 
52 © 52 as a subalgebra. We consider the decomposition, 

54 = 00 + 01 + 02 

00 = span{iL+,if_}, = span{W“, = {T(0’2), 5A-i)|^ 
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and the linear map 


4><i 

S 4 - > S 4 

eo + ei + 62 -^ 60 + 661 + 6^62 


6i G 04- 


(23) 


The contracted Lie algebra, with commntator given by Cl is well defined. 
It is worthy to see the commntators of the contracted algebra: 


j-yia ^abrp{0,2) 

Y% = e 


[F“, 

[F“, 

[T(°’2),5(i.-i)]^ = ,3 25(1.1) 



], = 6 


[H+, Z% = 

= F“ 


(24) 


showing explicitly S 2 © S 2 as a snbalgebra when e —> 0. We nse the adjoint 
representation to compnte the metric, as in the previons examples. The 
resnlt is 
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= d(j)^ + + e ^"^didt + 2e "^^esidtdsi + 2e *'^es 2 dtds 2 

+2e~‘^'^ Z 2 adtdzia + 2e~^'^e‘^{sl + s\)dtdi + + 2e~'^'^ s^dsidsi 

+2e~'^'^ S2Sidsids2 + + yl)dsids2 + e^yiay2adsidsi 

-e~'^^^^'^)eyiadsidz2a + e{2e~'^'^ siZ2a + e~^^^"^‘^^y2a)dhdzia 
+2e“"^’^e^si(e^*'’^“'^^ + e^(s 2 + s\))dsidi + i + 2e~'^'^ s\)ds 2 ds 2 

+e~'^'^'^^‘^'^€^yiay2ads2ds2 - + y^dhdsi 

+e €y 2 ads 2 dz 2 a + e(2e + e yia)ds 2 dzia 

+ 2 e“^’^e^S 2 (e^*'’^“‘^^ + e^(s 2 + s\))ds2di 

^lg-2(v>+0)^4g4,^ ^ 4e^'^e^(l/i + I/ 2 ) + 4e®(|/ia|/2a)^ + e^{yl + |/2)(l/ib + ylb))dsads, 
-^e"^(^+'^)e^( 2 e^Vfe + e^(- 2 (|/ia|/ 2 a)|/ 2 b + (l/? + yl)yib))ds2dz2h 
lg- 2 (V>+</.)g 2 ( 2 g 20 ^^^ + e^( 2 (|/ia|/ 2 a)l/lb + (l/l + yl)y 2 b))dS 2 dZu 

+e"2(’^+'^^)e®(|/^si + 2y2aS2yia + Siyl)ds 2 di 

~e~^^^^^h'^{2e^^y2b + e^( 2 (|/ia|/ 2 a)|/ife + (|/i + yl)y2b))dsidz2h 

-^e"^(’^+'^)e^( 2 e^Vfe + e^(- 2 (|/ia|/ 2 a)|/ 2 b + (l/L + 

-e" 2 (’^+‘^)e‘^(l/i„S 2 - ‘2yiaSiy2a + S 2 |/L)c^sidt 


2 ® (*/’ {yiayjb)dZYnadZnb 

_^lg-2(V>+</.)(g2</.^^^ + e^(|/ia|/lb + y2ay2b))dZ2adZ2b 

-e-^(’/’+'^)e4(2|/iSi - 2s2y2)dz2di 


+ ^e + 22 : 2 a 2 : 2 b + e^{yiayib + y2ay2b))dziadzib 

+e^(2e"^’^(s2 + Si)2:2a + 26“^^^+*^^ (|/laS2 + Sl|/2a))c^2:iaCit 

^g-4(v<+</,)^g4V> + g 2 (</,+v>)g 6^^2 ^ ^ 2 ^ e^'^eS(s2 + slf)didi- 2 e-^^yiadidy 2 a 

+^e"'^‘^(e^'^(5afe + 2yiayib)dy2ady2b + ^e~‘^‘^dyiadyia (25) 
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In the contraction limit e —0 the metric reduces to 


ds"^ = {d(j)^ + e ^‘^dtdt — 2e ‘^^yiadtdy 2 a + 

+ ‘2yiayib)dy2ady2b + ^e~‘^‘*’dyiadyia) + 
(dil)^ + e~^'^dtdt + 2e~‘^^ Z2adtdzia + 

^e~‘^^{e^^6ab + 2Z2aZ2b)dZiadZib + ^e~‘^'^dZ2adZ2a) + 

+ dSadSa + dSadSa- 


By comparison with m we can see, after a suitable renaming of the coor¬ 
dinates and a rescaling by a global constant factor, that this is the metric 
on 


/SU(l,l + n) SU(l,l + n)\ 
V U(l + n) ^ U(l + n) ) 


X Rh 


4 Super Higgs mechanism in Supergravity: 
geometric interpretation 


We consider an V = 2 supergravity model coupled to n -|- 2 hypermultiplets 
and n + 1 vector multiplets. This model comes from a compactihcation of 
type IIB supergravity on the V = 4 orientifold T®/Z 2 pTlI18j . Such model, 
when certain fluxes are turned on, has an iV = 3 phase obtained after the 
integration of the massive gravitino multiplet. The theory describing the 
N = 3 massles modes can be further Higgsed to an V = 2 phase by turning 
on other suitable fluxes and further integration ng. The scalar manifold for 
the N = 2 theory is QDI 


M.Q X AisK — 


U(2,2 + n) 
U(2) X U(2 + n) 


U(l, 1 n) 
U(l) X U(l + n)‘ 


Here n refers to the brane degrees of freedom. The special geometry and 
symplectic basis that describe this model have been discussed in Ref. jl2j . 

The N = 2 model can also be Higgsed to N=1,0 phases by still turning 
on fluxes. This corresponds in the supergravity language to gauge two trans¬ 
lational isometries of the quaternionic manifold. In the parametrization that 
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we have used before (ESI) it is manifest that the coordinates correspond to 
two translational isometries, generated by Sa’^\ and we used the two bulk 
vector helds to gauge them. 

When the gauge interactions are switched on, the a-model lagrangian 
gets modihed by the minimal coupling prescription, with 

dSa —> DSa = dSa + A = 0, 1, . . . U + 1 


and we may choose the constants ki^ 7 ^ 0, ^ 2,1 7 ^ 0 and the rest zero. Then 
the Higgs mechanism takes place, as we described in Section ITTl with the Sa 
contributing to the longitudinal components of the massive vectors 


^1,0 


^ 2,1 


■S 2 . 


From Eq. (0 we can see that the kinetic term of these modes is 


ds^ — ■ ■ • + e (^SaDSa + + S^dt -\- dt A Z 2 adzia) + 

1 / ^ 

_g-2(p+</.) yiay2adsi + -{yl + yl)ds2 + 2 sidt - eijyiadz^ 


■ja 


1 / 

_g-2(p+<A) / yiay2ads2 - -(|/i + yl)dsi + 2S2dt + dijyiadZja 


+ 

+ ■■■ 


After the substitution 

Dsa —> ka,\A^ = 

the kinetic term for the vectors remains unchanged, while mass terms appear 
for the vectors A^, with masses /co,i and /ci, 2 - The modes Sq, disappear from 
the Lagrangian. 

In the large mass limit, the massive helds = mA^ appear in the 
Lagrangian through expressions of the type 


(B, + /,)^ 

where is some interaction of the massless modes mil, The BA are Lagrange 
multipliers and their equations of motions make these terms to vanish. 

The N = 2 gauged theory has a scalar potential stabilizing two additional 
scalars which in our parametrization, correspond to the coordinates Sa ra. 
These helds acquire also a mass through the potential. In the large mass 


27 


limit, these fields become Lagrange multipliers and the potential is such that 
their field equations set them to zero. 

After performing these integrations, the metric becomes the one of the 
symmetric space 

U(l,l + ?7.) U(l, 1 + n) 

U(l) X U(1 + n) ^ U(l) X U(1 + n)' 


Now we see that this example fits with the contraction performed in Sec¬ 
tion Ha We can see that the terms set to zero in the metric by taking 
the limit e —> 0 are precisely the terms eliminated by the integration pro¬ 
cedure. The modes that have become massive are the modes in in the 
decomposition 


solo 


f U(2,2 + n) \ 

VU(2) X U(2 + n) J 


sob 


U(l, 1 + n) U(l, 1-Hn) \ . 

U(l)xU(l + n) U(l)xU(l + n); 


Since is an invariant subgroup of the contracted group, the quotient 


sob 


/ U(l,l-hn) ^ U(l, 1-Fn) 


VU(l)xU(l + n) U(l)xU(l + n) 


X 


sob 


U(l, l + n) 


X 


U(l, 1 + n) 


U(l)xU(l + n) U(l)xU(l + n) 


is a (solvable) group, associated to the symmetric space. So in the geomet¬ 
rical picture the integration of the massive modes is again modeled by a 
contraction and a quotient by an invariant subgroup. 


A About solvable Lie algebras and transla¬ 
tional isometries 

A Lie algebra s is solvable if the chain of ideals 

5(0) =5, = [s, s],..., s(p) = , s(P-i)], . . . 

has = 0 for some integer p. It is possible to prove j3] that a Lie algebra 
s is solvable if and only if there is a chain of ideals fi+i C with h/h+i an 
abelian algebra, io = s and ip+i = 0 for some p. It is clear that ip = 0 is an 
abelian ideal. 











Example A.l 


As an example, let us consider s = S 4 so 

io = S4 

11 = [io,io] = span{Z“,r“, 

12 = [ii,ii] = span{Z“,T2’0,T°’2,^('’i)} 

1 3 = [i 2 ,i 2 ] = span{T^’°}. 

Notice that it is possible to substitute is in the chain by the maximal abelian 
ideal 

h3=span{T2-o,T°’2,^(i’'),Zi“}, 
or by this other one (with the same dimension) 

fs = span{T2’0,T°’2,S'i^’^),Z2“}, 
so the chain is not unique. 


One can also show that is a nilpotent Lie algebra. The unique simply 
connected group associated to a nilpotent Lie algebra is exponential (the exp 
map is a diffeomorphism of the Lie algebra into the Lie group) 0. 

Let g be a Lie algebra and t an abelian subalgebra. Let {X,} be a basis 
of t and {Ya} a basis of a complementary space to t. In a neighborhood of 
the identity, we have the exponential map 

L(n',n“) ( 26 ) 

The Maurer-Cartan form is 
L-^dL = 

From this expression, one can see that the local expression of the Maurer- 
Cartan form does not depend on the coordinates u*. Whenever the group G 
with Lie algebra 0 is diffeomorphic to M”' x M, with M” parametrized by u* (in 
other words, the coordinates m* are global), we will say that the generators 
Xi are translational isometries. 
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We consider now the solvable algebras associated to the non compact 
symmetric spaces by the Iwasawa decomposition and explore the transla¬ 
tional isometries in the corresponding symmetric spaces. The solvable Lie 
algebras are always a semidirect product 

s = a K n, 

where a is abelian (it contains the non compact Cartan elements) and = n 
is the nilpotent part. The non compact symmetric spaces are simply con¬ 
nected, so they are, in each case, the unique simply connected group associ¬ 
ated to the corresponding solvable algebra. We denote it by 

S = A K N, with Lie(y4) = a and Lie(A^) = n, 

A and N being simply connected as welljS] (and hence, exponential). As a 
manifold, 

S = A X N = exp(a) x exp(n). (27) 


Let us now consider the factor N in (EZD. We want to prove that the 
generators in the abelian ideal are translational isometries. Let n = Ui -|- 1 x 2 , 
with Ui an abelian ideal and n 2 any complementary subspace. We have that 
the map 

n -^ N 

(Xi,X2) -^ exp(Xi + X2) 

is a diffeomorphism. We want to show that, equally, the map 

n -^ N 

(Ai,A 2) -> expXiexpX2 

is a diffeomorphism. It is enough to prove that obvious that any element 
exp(yi -|- Y 2 ) can be written as expXiexpW 2 for some W G n*. We notice 
that 

expAiexpX 2 = exp{Xi+X 2 +^[Xi, X 2 ]-\ -) = exp(X 2 -FX(), with G Ui. 

We take 1^2 = -A 2 , and the equation Yi = X[ can be solved for some Xi G Ui. 
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